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$n\geq 2m$ $n,$ $m$ $\mathcal{G}_{m,n}^{\mathbb{C}}$
$n$ $\mathbb{C}^{n}$ $m$ $\mathcal{G}_{m,n}^{\mathbb{C}}$
$S$ $(\begin{array}{l}nm\end{array})$ $S$ $U(n)$
$\mathcal{G}_{m,n}^{\mathbb{C}}$ $S$
$\mathcal{G}_{m,n}^{\mathbb{C}}$ 2009 Roy [23]
4
$\mathcal{G}_{m,n}^{\mathbb{C}}$
$P_{m}:=\{(\mu_{1}, \ldots, \mu_{m})\in \mathbb{N}^{m}|\mu_{1}\geq\cdots\geq\mu_{m}\geq 0\}$
$\mathcal{T}$ 4 $\mathcal{T}$ Delsarte
5 $\mathcal{T}\subset P_{m}$ $\mathcal{T}$
5.3 5.5 $\mathcal{E}\cup \mathcal{F}$
$\mathcal{E}:=$ $\{$ (1,1, . . . , 1,0,0, . . . , 0) $|i=0,1,$ $\ldots,$ $m\},$
$\tilde{i}\overline{m-i}$
$\mathcal{F}:=$ $\{$ (2,1,1, . . . , 1,0,0, . . . , 0) $|i=2,$ $\ldots,$ $m\}\subset P_{m}$
$i-1$ $m-i$
$\mathcal{E}\cup \mathcal{F}$ $X$ :
$|X|\geq(\begin{array}{l}nm\end{array}).$
5.9 $|X|=(\begin{array}{l}nm\end{array})$
$\mathcal{E}\cup \mathcal{F}$ $X$ $\mathcal{E}\cup \mathcal{F}$
( ) $\mathcal{E}\cup \mathcal{F}$




$M$ $M$ $x$ $x$ $s_{x}$ $M$
$S$ $x,$ $y\in S$ $s_{x}(y)=y$ $S$ $M$
Chen-Nagano [8] $M$ 2-number
$\#_{2}M:=\max$ { $\# S|S$ is an antipodal set in $M$ },
$|S|=\#_{2}M$ $S$ 2-number $\mathbb{Z}_{2}$ $M$
$H_{*}(M, \mathbb{Z}_{2})$
2.1 (S\’anchez, Tanaka-Tasaki). $M$ $R$ :
(1) $M$ $S_{0}$ $S_{0}$ $S$











$s_{a}$ $s_{a}$ $a\in \mathcal{G}_{m,n}^{\mathbb{C}}$
$\mathcal{G}_{m,n}^{\mathbb{C}}$
2.2. $\mathbb{C}^{n}$ $\{e_{1}, \ldots, e_{n}\}$ $\{$ 1, 2, $\ldots,$ $n\}$ $m$
$I$
$a_{I}$ $:=Span_{\mathbb{C}}\{e_{i}|i\in I\}$ $a_{I}\in \mathcal{G}_{m,n}^{\mathbb{C}}$ $|I|=|I’|=m$
$\{1, \ldots, n\}$ $I$ I’ $s_{a_{I}}(a_{I’})=a_{I’}$
$S:=$ { $a_{I}|$ $I$ is a $m$-subset of {1, $\ldots,$ $n\}$ } $\subset \mathcal{G}_{m,n}^{\mathbb{C}}$
$\mathcal{G}_{m,n}^{\mathbb{C}}$ $|S|=(\begin{array}{l}nm\end{array})$ $S$ $\mathcal{G}_{m,n}^{\mathbb{C}}$
$U(n)$ $S$





$U(n) :=\{g\in GL(n, \mathbb{C})|g^{*}g=I_{n}\}.$
$U(n)$ $\mathcal{G}_{m,n}^{\mathbb{C}}$
$U(n)\cross \mathcal{G}_{m,n}^{\mathbb{C}}arrow \mathcal{G}_{m,n}^{\mathbb{C}}, (g, a)\mapsto ga:=\{gv|v\in a\}.$
$\mathcal{G}_{m,n}^{c}$ $U(n)$ $\mathcal{G}_{m,n}^{\mathbb{C}}$
$a_{0}:=\{t(x_{1}, x_{2}, \ldots, x_{n})\in \mathbb{C}^{n}|x_{m+1}=x_{m+2}=\cdots=x_{n}=0\}\in \mathcal{G}_{m,n}^{\mathbb{C}}$
$U(n)$ $a_{0}$ $K_{m}$
$\{g\in U(n)|I_{m,n-m}\circ g\circ I_{m,n-m}=g\}\subset U(n)$
$I_{m,n-m}:=(I_{m} -I_{n-m})\in U(n)$
$U(n)$ $K_{m}$ $U(n)/K_{m}$





$a\in \mathcal{G}_{m,n}^{\mathbb{C}}$ $\mathbb{C}^{n}$ $a$ $P_{a}\in$ End $(\mathbb{C}^{n})$ $a,$ $b\in \mathcal{G}_{m,n}^{\mathbb{C}}$
$P_{a}\circ P_{b}$ [0,1] $m$ Pa
$y_{1}\geq y_{2}\geq\ldots$ $a$ $b$ main angles $y(a, b)$ $:=(y_{1}, \ldots, y_{m})$
main angles
Range $(\mathcal{G}_{m,n}^{\mathbb{C}})$ $:=\{(y_{1}, \ldots, y_{m})\in \mathbb{R}^{m}|1\geq y_{1}\geq\cdots\geq y_{m}\geq 0\}$
$y$ : $\mathcal{G}_{m,n}^{\mathbb{C}}\cross \mathcal{G}_{m,n}^{\mathbb{C}}arrow$ Range$(\mathcal{G}_{m,n}^{\mathbb{C}})$ , $(a, b)\mapsto y(a, b)$
$U(n)$ $g\in U(n)$ $a,$ $b\in \mathcal{G}_{m,n}^{\mathbb{C}}$ $y(ga, gb)=y(a, b)$
$Z$ $U(n)$ $y’$ : $\mathcal{G}_{m,n}^{c}\cross \mathcal{G}_{m,n}^{\mathbb{C}}arrow Z$ $\varpi oy=y’$ $\varpi$ :Range $(\mathcal{G}_{m,n}^{\mathbb{C}})arrow Z$
$s_{a}$ main angles $y(a, b)$ :
2.3. $a$ , b $\in \mathcal{G}$m
$\mathbb{C}$ , 3 :
(1) $s_{a}(b)=b.$
(2) $b=(a\cap b)\oplus(a^{\perp}\cap b)$ .
(3) $y(a, b)$ $(1, \ldots, 1,0, \ldots, 0)$
2.4. $a,$ $b\in \mathcal{G}_{m,n}^{\mathbb{C}}$ $y(a, b)=(1,1, \ldots, 1)$ $a=b$
$y(a, b)=(0,0, \ldots, 0)$ $a\perp b$
2.4 $\mathcal{G}_{m,n}^{\mathbb{C}}$
$L^{2}(\mathcal{G}_{m,n}^{\mathbb{C}})$ $U(n)$ $H_{\mu}$
2.5 (Highest weight theory for $U(n)$ ). $U(n)$ $n$
$\overline{U(n)}:=\{\lambda=(\lambda_{1}, \ldots, \lambda_{n})\in \mathbb{Z}^{n}|\lambda_{1}\geq\cdots\geq\lambda_{n}\}.$
$\lambda\in U(n)$ $\lambda$ $U(n)$
$\ovalbox{\tt\small REJECT}:=\{(\mu_{1}, \ldots, \mu_{m})\in \mathbb{Z}^{m}|\mu_{1}\geq\cdots\geq\mu_{m}\geq 0\}$
$P_{m}$ $\overline{U(n)}$






$:=\{v\in V_{\phi(\mu)}|gv=v$ for all $g\in K_{m}\}$
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$\mu\in P_{m}$ $w_{\mu}\in V_{\phi(\mu)}^{K_{m}}$ $V_{\phi(\mu)}$ $L^{2}(\mathcal{G}_{m,n}^{\mathbb{C}})$
$\mathbb{C}$ $\Phi$
$\Phi(v)(a)$ $:=\langle v,g_{a}w_{\phi(\mu)}\rangle_{\phi(\mu)}$ for any $v\in V_{\phi(\mu)}$ and $a\in \mathcal{G}_{m,n}^{\mathbb{C}}$
$g_{a}\in U(n)$ $g_{a}\cdot a_{0}=a$ $H_{\mu};=\Phi(V_{\phi(\mu)})$
$H_{\mu}$ $w\in V_{\phi(\mu)}^{K_{m}}$ $L^{2}(\mathcal{G}_{m,n}^{\mathbb{C}})$
2.6. $\mu\in P_{m}$ $H_{\mu}$ $U(n)$ $H_{\mu}\simeq V_{\phi(\mu)}$ $L^{2}(\mathcal{G}_{m,n}^{\mathbb{C}})$
$\mu,$ $\mu’\in P_{m}$ $\mu\neq\mu’$ $L^{2}(\mathcal{G}_{m,n}^{\mathbb{C}})$ $H_{\mu}\perp H_{\mu’}$
2.7 (Peter-Weyl). $\oplus_{\mu\in P_{m}}H_{\mu}$ $L^{2}(\mathcal{G}_{m,n}^{\mathbb{C}})$




$\dim H_{(1^{i})}=\frac{n-2i+1}{n+1}(\begin{array}{l}n+1i\end{array})$ , (2.1)
$\dim H_{(i)}=\frac{n+2i-1}{n-1}(\begin{array}{ll}n +i-2 i\end{array})$ , (2.2)
$\dim H_{(2,1^{i-1})}=\frac{i^{2}(n+3)(n-2i+1)}{(n-i+2)^{2}}(\begin{array}{l}n+li+1\end{array})$ (2.3)
3
$L^{2}(\mathcal{G}_{m,n}^{\mathbb{C}})$ $U(n)$ $H_{\mu}$ $Z_{\mu}$
3.1 Schur
$m$ $p(y_{1}, y_{2}, \ldots, y_{m})\in \mathbb{C}[y_{1}, y_{2}, \ldots, y_{m}]$ $\{$ 1, 2, $\ldots,$ $m\}$ $\sigma$
$p(y_{\sigma(1)}, y_{\sigma(2)}, \ldots, y_{\sigma(m)})=p(y_{1}, y_{2}, \ldots, y_{m})$
$P$
$\mathbb{C}[y_{1}, y_{2}, \ldots, y_{m}]$ $\Lambda_{m}$
$i=0,1,$ $\ldots,$ $m$
$e_{i}(y_{1}, y_{2}, \ldots, y_{m});=\sum_{1\leq k_{1}<k_{2}<\cdot\cdot<k.\leq m}.y_{k_{1}}y_{k_{2}}\cdots y_{k_{:}}\in\Lambda_{m}$
$i\in \mathbb{Z}_{>0}$
$\mathfrak{h}_{i}(y_{1}, y_{2}, \ldots, y_{m}):=\sum_{1\leq k_{1}\leq k_{2}\leq\cdot\cdot\leq k_{i}\leq m}.y_{k_{1}}y_{k_{2}}\cdots y_{k_{:}}\in\Lambda_{m}$
$e_{i}(y_{1}, y_{2}, \ldots, y_{m})$ $i$ $\Lambda_{m}$
$\Lambda_{m}=\mathbb{C}[e_{1}, e_{1}, \ldots, e_{m}]$
$\mu=(\mu_{1}, \mu_{2}, \ldots, \mu_{m})\in P_{m}$
$X_{\mu}(y):= \frac{\det(y_{i}^{\mu_{j}+m-j})_{i,j=1}^{m}}{\det(y_{i}^{m-j})_{i,j=1}^{m}}$
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$X_{\mu}$ $\Lambda_{m}$ $X_{\mu}$ $\mu$ ) Schur Schur
$X_{\mu}^{*}$ $X_{\mu}^{*}(y_{1}, y_{2}, \ldots,y_{m})$ $:=X_{\mu}(y_{1}, y_{2}, \ldots, y_{m})/X_{\mu}(1,1, \ldots, 1)$
$X_{\mu}^{*}$
$X_{\mu}^{*}(1,1, \ldots, 1)=1$ $X_{\mu}$
$\mu\in P_{m}$ Ferrers $i$ $\mu_{i}$
$\mu=(2,1,1)$ Ferrers :
$\mu=$








$\mathcal{G}_{m,n}^{\mathbb{C}}$ $\mathbb{C}$ $f$ $a\in \mathcal{G}_{m,n}^{\mathbb{C}}$ $f(b)$ $a$ $b$ principal angles
$f$ $a$ $k$ $p\in\Lambda_{m}$ $a$ $p$
$p_{a}(b):=p(y_{1}, y_{2}, \ldots, y_{m})$ .




$\langle Z_{\mu,a},$ $f\rangle=f(a)$ for any $f\in H_{\mu}$ . (3.1)
(3.1) $\{Z_{\mu,a}|a\in \mathcal{G}_{m,n}^{\mathbb{C}}\}$ $H_{\mu}$ $Z_{\mu,a}(b)$ $(a, b)$ $U(n)$
$Z_{\mu,a}(b)$ $a$ $b$ principal angles (cf. [23]).
$Z_{\mu,a}$ $H_{\mu}$ $a$ $Z_{\mu,a}(b)$ $Z_{\mu}(a, b)$ $Z_{\mu}(y(a, b))$
3.2. $\mathcal{G}_{m,n}^{\mathbb{C}}$ $X$





$(a)_{0}:=1$ $\sigma=(s_{1}, \ldots, s_{m})\in P_{m}$ complex hypergeometnc coefficients
$[a]_{\sigma}:= \prod_{i=1}^{m}(a-i+1)_{s_{i}}$
$P_{m}$ partial order $\leq$
$(s_{1}, \ldots, s_{m})\leq(k_{1}, \ldots, k_{l})$ if and only if $s_{i}\leq k_{i}$ for all $i$
$y+1$ $:=(y_{1}+1,y_{2}+1, \ldots,y_{m}+1)$ complex hypergeometric binomial
coefficients $\{\begin{array}{l}\kappa\sigma\end{array}\}$
$X_{\kappa}^{*}(y+1)= \sum_{\sigma\leq\kappa}\{\begin{array}{l}\kappa\sigma\end{array}\}X_{\sigma}^{*}(y)$
3.3 (James and Constantine [16]). $\rho_{\sigma}$ $:= \sum_{i=1}^{m}s_{i}(s_{i}-2i+1)$ $\sigma,$ $\kappa\in P_{m}$ $s:= \sum_{i=1}^{m}\sigma_{i},$
$k:= \sum_{i=1}^{m}\kappa_{i}$
$[c]_{(\kappa,\sigma)};= \sum_{i}\frac{\{\begin{array}{l}\kappa\sigma\end{array}\}[_{\sigma}^{\sigma}][c]_{(\kappa,\sigma)}:}{(k-s)[_{\sigma}^{\kappa}]\mathcal{C}+L_{k-s}^{-}\kappa n\underline{\sigma}}$
$i$ $\sigma_{i}:=(s_{1}, \ldots, s_{i-1}, s_{i}+1, s_{i+1}, \ldots)$ $\sigma_{\mathfrak{i}}\leq\kappa$ $i$
$H_{\kappa}$
$Z_{\kappa}(y):= \sum_{\sigma\leq\kappa}\frac{(-\prime 1)^{s}\{\begin{array}{l}\kappa\sigma\end{array}\}[n]_{(\kappa,\sigma)}}{[m]_{\sigma}}X_{\sigma}^{*}(y)$
$y=(y_{1}, y_{2}, \ldots, y_{m})\in$ Range $(\mathcal{G}_{m,n}^{\mathbb{C}})$
$H_{\kappa}$




3.4. $i=0,1,$ $\ldots,$ $m$ $H_{(1^{i})}$
$Z_{(1^{i})}^{*}= \frac{(n-2i+1)(^{n+1}i)^{2}}{(n+1)(^{n-m}i)}\sum_{j=0}^{:}(-1)^{i-\dot{g}(\begin{array}{ll}n -i+1 j\end{array})(\begin{array}{l}m-ji-j\end{array})X_{(1)}^{*}}j$
$i\in \mathbb{Z}_{\geq 0}$ $H_{(i)}$
$Z_{(i)}^{*}= \frac{(n+2i-1)(^{n+i-2}i)^{2}}{(n-1)(^{n-m+i-1}i)}\sum_{j=0}^{i}(-1)^{\dot{\iota}-\dot{g}}(\begin{array}{llll}n +i+ j -2 j \end{array}) (\begin{array}{ll}m +i-l i-j\end{array})X_{(j)}^{*}$
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Schur $X_{(1^{i})}^{*}$ $\{Z_{(1^{j})}^{*}\}_{i=0}^{j}$ :
$X_{(1^{i})}^{*}=j \sum_{=0}^{i}\frac{n+1}{n-j+1}(_{i-j}^{m-j})(^{n-m})_{Z_{(1j)}^{*}}(\begin{array}{l}n-ji\end{array})(^{n+1}j^{j})^{2}$. (3.2)
3.5. $i=1,2,$ $\ldots,$ $m$ $H_{(2,1^{i-1})}$
$Z_{(2,1^{i-1})}^{*}=f_{2} \sum_{j=1}^{i}(-1)^{i-j}\frac{1}{j+1}(\begin{array}{l}m-ji-j\end{array})(\begin{array}{ll}n -ij -l\end{array})X_{(2,1^{j-1})}^{*}$










$b_{i}^{(i)}= \frac{2i(n-1)(n+1)(n-i+1)(n-2m)^{2}}{m(n+2)(n-2i)(n-2i+2)(n-m)}\geq 0$ and
$b_{i-1}^{(i)}= \frac{(m-i+1)n(n+1)(n-1)(n-i+2)(n-m-i\dotplus 1)}{im(n-2i+2)(n-2i+3)(n-m)}>0$
4
4.1. $F\in\Lambda_{m}$ $F(1,1, \ldots, 1)\neq 0$ $\mathcal{G}_{m,n}^{\mathbb{C}}$
$X$







4.2. $\mathcal{T}$ $P_{m}$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $X$
$\frac{1}{|X|}\sum_{a\in X}f(a)=\frac{1}{\mu_{m,n}(\mathcal{G}_{m,n}^{\mathbb{C}})}\int_{\mathcal{G}_{m,n}^{c}}fd\mu_{m,n}$ for any $f\in H_{\mathcal{T}},$
$X$ ($\mathcal{G}_{m,n}^{\mathbb{C}}$ ) $\mathcal{T}$ $\mu_{m,n}$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $U(n)$ Ha&r
4.3. $\mathcal{T},$ $\mathcal{T}’$ $\mathcal{T}’\subset \mathcal{T}$ $P_{m}$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $\mathcal{T}$ $\mathcal{T}’$
4.4. $\mathcal{G}_{m,n}^{\mathbb{C}}$ $X$ $\emptyset$
4.5. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $\mathcal{T}$ $P_{m}$ :
1. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $\mathcal{T}$
2. $\mu\in \mathcal{T}\backslash \{0\}$ $f_{\mu}\in H_{\mu}$ $\sum_{a\in X}f_{\mu}(a)=0$
3. $\mu\in \mathcal{T}\backslash \{0\}$ $\sum_{a,b\in X}Z_{\mu}^{*}(y(a, b))=0$
Proof. (1) (2) $\mu\in \mathcal{T}\backslash \{0\}$ $H_{\mu}$
:
$H_{\mu} arrow \mathbb{C}, f_{\mu}\mapsto\int_{\mathcal{G}_{m,n}^{C}}f_{\mu}d\mu_{m,n}.$
$\mathbb{C}$
$\mu_{m,n}$ $U(n)$ $U(n)$ Riesz
$\int_{\mathcal{G}_{m,n}^{C}}f_{\mu}d\mu_{m,n}=\langle f_{\mu},$
$F_{\mu}\rangle$ for any $f_{\mu}\in H_{\mu}$
$U(n)$ $F\mu$ $\in H_{\mu}$ 2.6 $L^{2}(\mathcal{G}_{m,n}^{\mathbb{C}})$
$H_{\mu}$ $U(n)$ $H_{\mu}$ $U(n)$
$F_{\mu}=0$
$\int_{\mathcal{G}_{m,n}^{C}}f_{\mu}d\mu_{m,n}=\langle f_{\mu},$ $F_{\mu}\rangle=0$ for any $f_{\mu}\in H_{\mu}$
(1) (2)
(2) (3) $\mu\in \mathcal{T}\backslash \{0\}$ $f_{\mu}\in H_{\mu}$ $a\in \mathcal{G}_{m,n}^{\mathbb{C}}$
$f_{\mu}(a)=\langle f_{\mu}, Z_{\mu,a}^{*}\rangle$
$\sum_{a\in X}f_{\mu}(a)=0$




$\langle\sum_{a\in X}Z_{\mu,a}^{*},\sum_{a\in X}Z_{\mu,a}^{*}\rangle=\sum_{a,b\in X}Z_{\mu}^{*}(y(a, b))$ .
(2) (3)









1. $X$ $\mathcal{T}_{c}^{+}$ $|X| \geq\frac{F(1,\ldots,1)}{c_{0}}$
2. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $X$ 3 2
:
Condition $A$ $X$ $\mathcal{T}_{c}^{+}$
Condition $B$ $X$ $\mathcal{T}_{c}^{-}$ $F$
Condition $C$ $|X|= \frac{F(1,\ldots,1)}{c_{0}}.$
Proof. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $F$
$\sum_{a,b\in X}F(y(a, b))\geq\sum_{a\in X}F(y(a, a))=|X|F(1, \ldots, 1)$
$F$
$\sum_{a,b\in X}F(y(a, b))=c(0)|X|^{2}+\sum_{a,b\in x}\sum_{\mu\in \mathcal{T}_{c}^{+}\backslash \{0\}}c(\mu)Z_{\mu}^{*}(y(a, b))+\sum_{a,b\in X}\sum_{\mu\in \mathcal{T}_{c}^{-}\backslash \{0\}}c(\mu)Z_{\mu}^{*}(y(a, b))$
$\sum_{\mu\in \mathcal{T}_{c}^{+}\cup \mathcal{T}_{c}^{-}\backslash \{0\}}c(\mu)\sum_{a,b\in X}Z_{\mu}^{*}(y(a, b))\geq|X|(F(1, \ldots, 1)-c(0)|X|)$ (4.1)
$F(y(a, b))=0$ for any $a,$ $b\in X$ with $a,$ $b\in X,$
$X$ $F$
(1) $X$ $\mathcal{T}_{c}+$ 4.5
$\sum_{a,b\in X}Z_{\mu}^{*}(y(a, b))=0$ for any $\mu\in \mathcal{T}_{c}^{+}\backslash \{0\}$
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(4.1)




If $A$ and $B$ , then $C$ (4.1) 4.5
$0=|X|(F(1, \ldots, 1)-c(O)|X|)$
$X$ $|X|= \frac{F(1,\ldots,1)}{c_{O}}$
If $B$ and $C$ then $A$ (4.1) 4.5
$\sum_{\mu\in \mathcal{T}_{c}^{+}\backslash \{0\}}c(\mu)\sum_{a,b\in X}Z_{\mu}^{*}(y(a, b))=0$
3.2 4.5 $\mu\in \mathcal{T}_{c}^{+}\backslash \{0\}$ $c(\mu)$ $X$ $\mathcal{T}_{c}^{+}$
If $C$ and $A$ then $B$ (4.1) 4.5
$\sum_{\mu\in \mathcal{T}_{c}^{-}\backslash \{0\}}c(\mu)\sum_{a,b\in X}Z_{\mu}^{*}(y(a, b))\geq 0$
3.2 4.5 $\mu\in \mathcal{T}_{c}^{-}\backslash \{0\}$ $c(\mu)$ $X$ $\mathcal{T}_{c}^{-}$
(4.1)
$F(y(a, b))=0$ for any $a,$ $b\in X$ with $a,$ $b\in X$
5
$t$ $\mathcal{T}_{t};=\{\mu\in P_{m}||\mu|\leq t\}$ $| \mu|=\sum_{i=1}^{m}\mu_{i}$ Roy $\mathcal{G}_{m,n}^{\mathbb{C}}$ $t$
$\mathcal{G}_{m,n}^{\mathbb{C}}$ [23]. $\mathcal{G}_{m,n}^{\mathbb{C}}$ 1
:
5.1. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ 1
$|X| \geq\frac{n}{m}$
$m|n$ $X$
$\mathbb{C}^{n}=a_{1}+a_{2}+\cdots+a_{n/m}$ and $a_{i}\perp a_{j}$ if $i\neq j$
$m$ $\{a_{1}, a_{2}, \ldots, a_{n/m}\}$
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5.2. 2.4 5.1 $\{a_{1}, a_{2}, \ldots, a_{n/m}\}$ $i=j$ $y(a_{i}, a_{J}\prime)=(1,1, \ldots, 1)$ ,
$i\neq j$ $y(a_{i}, a_{j})=(0,0, \ldots, 0)$ 2.3 1 $\mathcal{G}_{m,n}^{\mathbb{C}}$
Proof of Theorem 5.1. (3.2) $X_{(1)}^{*}(y)=( \sum_{i=1}^{m}y_{i})/m$ $X_{(1)}^{*}= \frac{m}{n}Z_{(0)}^{*}+\frac{n-m}{n(n-1)(n+1)}Z_{(1)}^{*}$ $P_{m}$
$c$ $\mu=0$ $c( O)=\frac{m}{n},$ $\mu=1$ $c(1)= \frac{n-m}{n(n-1)(n+1)}$ , $c(\mu)=0$
$\mathcal{T}_{1}=\mathcal{T}_{c}^{+}=\{(0),$ (1) $\}$ 4.6 1
$m|n$ $a\neq b$ $a,$ $b\in X$ $X_{(1)}^{*}(y(a, b))=0$
$a,$ $b\in X$ $i=1,2,$ $\ldots,$ $m$ $y_{i}(a, b)$ $X_{(1)}^{*}(y(a, b))=0$ $y_{i}(a, b)=0(i=1,2, \ldots, m)$
2.4
$\mathbb{C}^{n}=a_{1}+a_{2}+\cdots+a_{n/m}$ and $a_{i}\perp a_{j}$ if $i\neq j$
$P_{m}$ $\mathcal{E},$ $\mathcal{F}$
:
$\mathcal{E}=\{(1,1, \ldots, 1,0,0, .., 0)|i=0,1, \ldots, m\}\tilde{i}\tilde{m-i}.,$
$\mathcal{F}=\{(2,1,1,\ldots,1,0,0, .., 0)|i=2, \ldots, m\}\tilde{i-1}\tilde{m-i}.\subset P_{m}.$
5.3. $\mathcal{G}_{m,n}^{\mathbb{C}}$ $S$ $\mathcal{E}$
Proof. $a,$ $b\in S$ main angles $y(a, b)$ $y(a, b)=(1^{m-k}, 0^{k})$ $a\in S$




$= \frac{(n-2i+1)(^{n+1}i)^{2}}{(n+1)(^{n-m}i)}\sum_{j=0}^{i}(-1)^{i-j(\begin{array}{ll}n -i+l j\end{array})(\begin{array}{l}m-ji-j\end{array})j} \sum_{b\in S}X_{(1)}^{*}(y(a, b))$
$= \frac{(n-2i+1)(^{n+1}i)^{2}}{(n+1)(^{n-m}i)}\sum_{j=0}^{i}(-1)^{i-j}(\begin{array}{ll}n -i+l j\end{array}) (\begin{array}{ll}n -im -i\end{array})(\begin{array}{l}n-ji-j\end{array})$
$=(-1)^{i} \frac{(n-2i+1)(^{n+1}i)^{2}}{(n+1)(^{n-m}i)}(\begin{array}{ll}n -im -i\end{array}) (\begin{array}{l}i-1i\end{array})=0$
$\sum_{a,b\in S}Z_{(1^{i})}^{*}(y(a, b))=0$ 4.5 $S$ $\mathcal{E}$
5.4. (1) $X$ $\mathcal{E}$ $|X|\geq(\begin{array}{l}nm\end{array})$




Proof. (1): $X_{(1^{m})}^{*}(y)= \mathfrak{e}_{m}(y)=\prod_{i=1}^{m}y_{i}$ $y\in$ Range $(\mathcal{G}_{m,n}^{\mathbb{C}})$ $P_{m}$
$c$ $X_{(1^{m})}^{*}= \sum_{\mu}c(\mu)Z_{\mu}^{*}$ $c$ $c(O)=1/(\begin{array}{l}nm\end{array}),$ $|\{\mu\in P_{m}|c(\mu)\neq$
$0\}|=m+1<\infty,$ $\mathcal{T}_{c}^{+}=\mathcal{E},$ $\mathcal{T}_{c}^{-}=\emptyset$ 4.6 (1) $|X|\geq X_{(1^{m})}^{*}(1,1, \ldots, 1)/c(0)=(\begin{array}{l}nm\end{array})$
(2): $X$ $|X|=(\begin{array}{l}nm\end{array})$ $\mathcal{E}$ $X$ 4.6 Condition A
Condition $C$ $X$ $\prod_{i=1}^{m}y_{i}$
$X$ $|X|=(\begin{array}{l}nm\end{array})$ $\prod_{i=1}^{m}y_{i}$ $X$ 4.6 Condition $B$
Condition $C$ $X$ $\mathcal{E}$
5.5. $\mathcal{G}_{m,n}^{\mathbb{C}}$ $S$ $\mathcal{F}$
Proof. 5.3 $\sum_{a,b\in S}Z_{(2,1^{j-1})}^{*}(y(a, b))=0$
5.6. 5.3 5.5 $\mathcal{E}\cup \mathcal{F}$ $(\begin{array}{l}nm\end{array})$
5.7. Range $(\mathcal{G}_{m,n}^{\mathbb{C}})$ $F$





2. $c_{(1^{j})}\in \mathbb{R}$ for any $j=1,$ $\ldots,$ $m,$
3. $c_{(2,1^{j-1})}>0$ for any $j=2,$ $\ldots,$ $m,$
$\frac{F(1,\ldots,1)}{c_{0}}=(\begin{array}{l}nm\end{array})$
Proof. d$|$ (3.2) $Z_{(1^{j})}^{*}$ Schur $\prod_{i=1}^{m}y_{i}=$
$X_{(1^{m})}^{*},$ $\sum_{i=1}^{m}y_{i}=mX_{(1)}^{*},$ $\sum_{i=1}^{m}y_{i}^{2}=(\begin{array}{l}m+l2\end{array})X_{(2)}^{*}-(\begin{array}{l}m2\end{array})X_{(1,1)}^{*}$ (3.2) $i=1$ 3.5
3.6 $F$ $\{Z^{*}(\}_{j}^{m}$ $\{Z_{(2,1^{j-1})=1}^{*}\}_{j}^{m}$




5.8. $F$ 5.7 $\mathcal{G}_{m,n}^{\mathbb{C}}$ $X$ $|X|=(\begin{array}{l}nm\end{array})$
:
1. $X$ $\mathcal{E}$ $F$ $X$ $\mathcal{F}$
2. $X$ $\mathcal{E}\cup \mathcal{F}$ $X$ $F$
Proof. $c:P_{m}arrow \mathbb{C}$
$F= \sum_{\mu\in P_{m}}c(\mu)Z_{\mu}$
5.7 $c$ 4.6 :
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1. $X$ $\mathcal{T}_{c}^{+}$
2. $X$ $F$ $\mathcal{T}_{c}^{-}$
5.7 $\mathcal{F}\subset \mathcal{T}_{c}^{+}\subset \mathcal{E}\cup \mathcal{F}$ $\mathcal{T}_{c}^{-}\subset \mathcal{E}$
5.9. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ 2 :
1. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$
2. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $\mathcal{E}\cup \mathcal{F}$ $|X|=(\begin{array}{l}nm\end{array})$
Proof. $X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $|X|=(\begin{array}{l}nm\end{array})$ $a,$ $b\in X$
$i=1,$ $\ldots,$ $m$ $y_{i}(a, b)$ $0$ 1 $X$ $F$ 5.3
$\mathcal{E}$ 5.8 $X$ $\mathcal{F}$
$X$ $\mathcal{G}_{m,n}^{\mathbb{C}}$ $\mathcal{E}\cup \mathcal{F}$ $|X|=(\begin{array}{l}nm\end{array})$ 5.8 $X$ $F$
$a\neq b$ $a,$ $b\in X$ $F(y(a, b))=0$ $X$
$|X|=(\begin{array}{l}nm\end{array})$ $\mathcal{G}_{m,n}^{\mathbb{C}}$
[1] C. Bachoc, R. Coulangeon and G. Nebe. Designs in Grassmannian spaces and lattices. J. Algebraic
Combin., $16(1):5-19$ , 2002:
[2] C. Bachoc, E. Bannai and R. Coulangeon. Codes and designs in Grassmannian spaces. Discrete
Math., 277(1-3): 15-28, 2004.
[3] E. Bannai and T. Ito. Algebraic combinatorics. $I$. The Benjamin/Cummings Publishing Co. Inc.,
Menlo Park, $CA$ , 1984.
[4] E. Bannai and E. Bannai. $A$ survey on spherical designs and algebraic combinatorics on spheres.
European J. Combin., 30(6):1392-1425, 2009.
[5] E. Bannai and S.G. Hoggar. On tight $t$-designs in compact symmetric spaces of rank one. Proc. Japan
Acad. Ser. A Math. Sci., $61(3):78-82$ , 1985.
[6] E. Bannai and S.G. Hoggar. Tight $t$-designs and squarefree integers. European J. Combin., $10(2):113-$
$135$ , 1989.
[7] A.E. Brouwer, A.M. Cohen, and A. Neumaier. Distance-regular graphs, volume 18 of Ergebnisse der
Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-
Verlag, Berlin, 1989.
[8] $B$ .-Y. Chen and T. Nagano. A Riemannian Geometric Invariant and its Applications to a Problem of
Borel and Serre. Trans. Amer. Math. Soc., $308(1):273-297$ , 1988.
[9] P. Delsarte. An algebraic approach to the association schemes of coding theory. Philips Res. Rep.
Suppl., (10) $:vi+97$ , 1973.
[10] P. Delsarte, J.M. Goethals, and J.J. Seidel. Bounds for systems of lines, and Jacobi polynomials.
Philips Res. Rep., $30:91^{*}-105^{*}$ , 1975.
[11] P. Delsarte, J.M. Goethals, and J.J. Seidel. Spherical codes and designs. Geom. Dedicata, $6(3):363-$
$388$ , 1977.
[12] C.D. Godsil. Algebmic Combinatorics. Chapman and Hall Mathematics Series, New York, 1993.
[13] S.G. Hoggar. $t$-designs in projective spaces. European J. Combin., 3(3):233-254, 1982.
137
[14] S.G. Hoggar. Parameters of $t$-designs in $FP^{d-1}$ . European J. Combin., $5(1):29-36$, 1984.
[15] S.G. Hoggar. Tight 4- and 5-designs in projective spaces. Graphs Combin., 5(1):87-94, 1989.
[16] A.T. James and A.G. Constantine. Generalized Jacobi polynomials as spherical functions of the
Grassmann manifold. Proc. Lond. Math. Soc., 29(3): 174-192, 1974.
[17] H. Kurihara and T. Okuda. $A$ new charactarization of great antipodal sets by design theory on
complex Grassmannian manifolds. In preparation.
[18] V.I. Levenshtein. Universal bounds for codes and designs, in: Handbook of Coding Theory, vol. $I,$ $II.$
North-Holland, Amsterdam, 1998, pp. 499-648.
[19] V.I. Levenshtein. Designs as maximum codes in polynomial metric spaces. Interactions between
algebra and combinatorics. Acta Appl. Math., $29(1-2):1-82$ , 1992.
[20] V.I. Levenshtein. On designs in compact metric spaces and a universal bound on their size. Discrete
Math., 192(1): 251-271, 1998.
$[21|$ Y.I. Lyubich. On tight projective designs. Des. Codes Cryptogr., 51(1): 21-31, 2009.
[22] A. Neumaier. Distances, graphs and designs. J. Combin., 1(2): 163-174, 1974.
[23] A. Roy. Bounds for codes and designs in complex subspaces. J. Algebraic Combin., 31(1): 1-32, 2010.
[24] M.R. Sepanski. Compact Lie Groups. Graduate Texts in Mathematics, vol. 235., Springer, New York,
2007.
[25] M.S. Tanaka and H. Tasaki. The intersections of two real forms in Hermitian symmetric spaces of
compact type. J. Math. Soc. Japan, 64(4): 1297-1332, 2012.
138
